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Let p > 2 be a prime. Let Q(C) be the p-cyclotomic field. Let Q(C)^ be its 
maximal totally real subfield. Let vr be the prime ideal of Q(C) lying over p. This 
articles aims to describe some vr-adic congruences characterising the structure of the 
p-class group and of the p-unit group of the fields (Q(C) and Q(C)"'". For the unit 
group, this paper supplements the papers of Denes of 1954 and 1956. A complete 
summarizing of the results obtained in the paper follows in the Introduction section 
^from p. I^ltoini. This paper is at elementary level. 
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1 Introduction 



Let p > 2 be a prime. Let Q(C) be the p-cyclotomic fields. Let Z[C] be the ring of 
integers of Q(C)- Let vr = (1 — C)^[C] be the prime ideal of Q(C) lying over p. This 
monograph contains two parts: 

1. a description of vr-adic congruences strongly connected to p-class group of Q(C) 
and its structure. 

2. a description of vr-adic congruences on p-unit group of Q(C)- 

1.1 Some TT-adic congruences connected to j9-class group 
of cyclotomic field q{() 

This topic is studied in section |31 p. IHl of this paper. Let us give at first some 
definitions: 

1. Let p be an odd prime. Let be a root of the equation X^^^ + X^'"^ + ■ • • + 
X + 1 = 0. Let Q(C) be the p-cyclotomic field and Z[C] be the ring of integers 
ofQ(C). 

2. Let a : Q(C) — > Q{C) be a Q-isomorphism of the field Q(C) generating the cyclic 
Galois group G = Gal{Q{Q/Q). There exists u € N, primitive root mod p, 
such that cr(C) = C- 

3. Let Cp, , Cp be respectively the subgroups of exponent p of the p-class group 
of Q{C), of the p-class group of Q(C + C^) and the relative p-class group C~ = 
Cp/Cp. Let Tp, rp ,r~ be respectively the p-rank of Cp, Cp , C~ , seen as Fp[G] 
modules. 

4. It is possible to write Cp in the form Cp = ©[^j^Fj, where Fj is a cyclic group 
of order p, subgroup globally invariant under the action of the Galois group G. 

5. Let hi, i = l,...,rp, be a not principal integral ideal of Q(C) whose class 
belongs to the group Fj. Observe at first that is principal and that o"(bj) ~ 
b^' where ~ is notation for class equivalence and fii G F* with F* the set of 
p — 1 no null elements of the finite field of cardinal p. Let the ideal b = ^1=1 
which generates Cp under action of the group G. 

6. A number a G Q(C) is said singular if there exists a not principal ideal a of 
Q(C) such that aZ[C] = a^. A singular number a G Q(C) is said primary if there 
exists a G N, a ^ mod p such that a = mod tt^. 
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7. Let d e N, p — 1 = mod d. Let Gd be the subgroup of order of the 
Galois group G. Let us define the minimal polynomial Pr^{X) of degree 
in the indeterminate X, where Pr^^cr'^) G Fp[G(i] annihilates the ideal class of 
b, written also b'^^'d^'^'*) ~ The polynomial Pr^{a^) is of form Pr^{a'^) = 

iriiii<^'^-tJ'f), t^i e F;. When d=l, then Gd = G, Galois group of Q(C)/Q), 
and rd = ri. Note that if d > 1 then Vd <ri. 

We obtain the following results: 

1. For di,d2 co-prime natural integers with di x d2 = p — 1, the degrees in the 
indeterminate X of minimal polynomials P^dj {X) and P^^^ {X) verify: if r^^ > 1 
and Vd^ > 1 then r^^ x rd^ > n. 

2. Let us set d = 1. Let us note ri = rj*" + , where and are respectively 
the degrees of the minimal polynomials P^+{a) and P^-{a), corresponding to 
annihilation of groups Cp and C" with Cp = Cp © C~ . The following result 
connects strongly the degree to Bernoulli Numbers: the degree is the 
index of irregularity of Q(C) (the number of even Bernoulli Numbers Pp_i_2m = 
mod p for 1 < m < ^^). Moreover the degree rf verifies the inequality 
r~ -r+ < rf < r'. 

3. Let the ideal tt = {( — 1)Z[^]. The following results are 7r-adic congruences 
strongly connected to structure of p-class group Cp of Q(C): 

(a) There exists singular algebraic integers Pj G Z[(] — i = 1, . . . , rp, 
verifying: 

i. PiZ[(^] = b^ with hi defined above 

ii. a(b,)^bf. 

iii. a{B,) = Pf X , ai G Q(C), ^i^ G F;. 

iv. a{Bi) = Pf* mod ttP. 

v. For the value mj G N verifying //j = w™' mod p, 1 < rrii < p — 2, 
then 

tt'"' I Pi - 1. 

(b) We can precise the previous result: with it a certain reordering of indexing 
of Pi, i = l,...,rp, 

i. For 1 = 1,..., r^, then the Pj are primary, so tt^ | Pj — 1. 

ii. For i = r+ + 1, . . . , r~, then the Pj are not primary. They verify the 
congruence 

T^rui II _g. _ 
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iii. For i = + 1, . . . , r^, then the Bi are primary or not primary (with- 
out being able to have a more precise result) with 

^"^^ \Bi-l. 

(c) Let /ij = Ti^mi+i j-|^Q(^ p -^\xh. 1 < rrii < corresponding to an ideal 
hi whose class belongs to C~, relative p-class group of Q(C)- In that 
case define Cj = =- with Bi already defined, so with Cj € Q(C)- If 

2mi + 1 > then it is possible to prove the explicit very straightforward 
formula for Ci mod vr^"^: 

Q - 1-^ X (C + /irV" + - • • + /^r^""'^C''") mod 7r^-\ 7p-3 e F;. 

1.2 Some 7r-adic congruences on p-unit group the cyclo- 
tomic field 

This topic is studied in section |1] p. We apply in following results to unit group 
Z[( + C""*^]* the method applied to p-class group in previous results: 

1. There exists a fundamental system of units rji, i = 1, . . . , of the group 
F = {Z[C + C~^]V(Z[C + C"^]*)^}/ < -1 > verifying the relations: 

Viez[c + c'V, i = i,...,^^, 

= Vi" X ef, 

^^"^ Hi e N, with /ij = n^"' mod p, 1 < rij < ^ , 

r/i EE 1 mod 7r^"'% i = 1, . . . , 
(T (rji) = r]'^' mod TrP~^^ , i = 1, . . . 

2. With a certain reordering of indexing of i = 1, . . . , 

(a) For i = 1, . . . ,rp then r]i are noi primary units and 

7r2"« II ??i - 1. 

(b) For i = rp + 1, . . . ,r~ , then iji are primary units and 

^a.(p-l)+2n, II ^. _ ^ . ^ > 
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(c) For i = Vp + 1, . . . , Tp, then r]i are not primary or primary units and 

^ai(p-l)+2ni II ^. ^. g ^. > 0. 

(d) For i = + 1, . . . , then 77, are noi primary units and 

11(^^-1)- 

3. If 2ni > 2^ then it is possible to prove the very straightforward exphcit formula 
for ijf 

r?, = 1 - X (C + n-'C + ■■■ + 7rP-\ 7p-3 G F;. 

J- Mi 
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2 Cyclotomic Fields : some definitions 

In this section, we fix notations used in all this paper. 

• For a G R^, we note [a] the integer part of a or the integer immediately below 
o. 

• We denote [a, b], a, & € M, the closed interval bounded by a, b. 

• Let us denote < o > the cyclic group generated by the element a. 

• Let p S N be an odd prime. 

• Let Q(Cp)) or more brievely Q(C) when there is no ambiguity of the context, be 
the p-cyclotomic number field. 

• Let Z[C] be the ring of integers of Q(C)- 

• Let Z[C]* be the group of units of Z[C]. 

• Let Q(C+C~"^) be the maximal real subfield of Q(C), with [Q(C) : Q(C+C"^)] = 2. 
The ring of integers of Q(C + C"^) is Z[C + C"^]- Let Z[C + C"^]* be the group 
of units of Z[C + C"^]- 

• Let Fp be the finite field with p elements. Let F* = Fp — {0}. 

• Let us denote a the integral ideals of Z[^]. Let us note a ~ b when the two 
ideals a and b are in the same class of the class group of Q(C)- The relation 
a ~ Z[(^] means that the ideal a is principal. 

• Let us note Cl{a) the class of the ideal a in the class group of Q(C)- Le us note 
< C/(a) > the finite group generated by the class CI (a). 

• If a G Z[(^], we note aZ[(] the principal integral ideal of Z[(^] generated by a. 

• We have p'^[C] = vr^~^ where vr is the principal prime ideal (1 — C)Z[C]. Let us 
denote A = C — 1, so vr = AZ[C]. 

• Let G = Gal{Q{C/Q) be the Galois group of the field Q(C). Let a : Q(C) ^ Q(C) 
be a Q(C)-isomorphism generating the cyclic group G. The Q-isomorphism a 
can be defined by (t(C) = C" where u is a primitive root mod p. 

• For this primitive root u mod p and i £ N, let us denote Ui = mod p, 1 < 
Ui < p — 1. For i £ Z, i < 0, this is to be understood as UiU"^ = 1 mod p. 
This notation follows the convention adopted in Ribenboim last paragraph 
of page 118. This notation is largely used in the sequel of this monograph. 



7 



For d EN, p — 1 = mod d, let Gd be the cyclic subgroup of G of order 2^ 

generated by cr'^, so with Gi = G. The group Gd is the Galois group of the 
extension Q(C) /Kd where Kd is a field with Q C Ka C Q(C) and [Kd : Q] = d. 

Let Cp be the subgroup of exponent p of the p-class group of the field Q(C)- 

Let be the subgroup of exponent p of thep-class group of the field Q(C+C~'^)- 

Let Cp be the relative class group defined by C~ = Cp/C^. 

Let h be the class number of Q(C)- The class number h verifies the formula 
h = h~ X /t+, where /i+ is the class number of the maximal real field Q(C + C^)) 
so called also second factor, and h" is the relative class number, so called first 
factor. 

Let us define respectively ep,e~,e^ by h = x /12, ^2 mod p, by 
h~ = p^p X h2 , h2 ^0 mod p and by /i+ = p^p x /ig", # mod p 

Let rp,r^,r~, be respectively the j*-rank of the p-class group of Q(C)) of the p- 
class group of Q(C + C~^) and of the relative class group seen as Fp[G] -modules, 
so with Vp < Cp, < and r~ < e~. 

The abelian group Cp is a group of order p^^ with Cp = ©[^^Cj where Q are 
cyclic group of order p. 
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3 TT-adic congruences on ^^-subgroup Cp of the 
class group of q((^) 

• The two first subsections 13. II pl9l and l3^ pITHl give some definitions, notations 
and general classical properties of the p-class group of the extension Q(C)/Q- 
They can be omitted at first and only looked at for fixing notations. 

• In subsection 13.31 p. ITU we get several results on the structure of the p-class 
group Cp of Q(C) and on class number h of Q(C): 

— A formulation, with our notations, of a Ribet's result on irregularity index. 

— Let d,g G N coprime with d x g = p — 1. For groups generated by the 
action of Galois groups G and of subgroups G^, Gg of G on ideals b of Q{C), 
an inequality between degrees ri^r^^rg of minimal polynomials -Pri(c) £ 
Fp[G], PrM'^) G Fp[Grf], Prg{(y3) G Fp[Gg] annihilating ideal class of 
b. 

— Some vr-adic congruences connected to structure of p-class group Cp of 

Q(C). 

3.1 Some definitions and notations 

In this subsection, we fix or recall some notations used in all this section. 

• Let G be the Galois group of Q(C) /Q. Let d £ N, p - 1 mod d. Let Gd 
be the subgroup of the cyclic group G. Then Gd is of order If a generates 
G, then a'^ generates Gd- 

• Let b be an ideal of not principal and with b^ principal. 

• Let Cj = C/((T*(b)), i = 0, . . . ,p — 2, be the class of cr*(b) in the p-class group 
ofQ(C). 

• Recall that Cl(h) is the class of the ideal b of Observe that exponential 
notations b*^ can be used indifferently in the sequel. With this notation, we 
have 

- b'^' = a^{h). 

- For A G Fp, we have b'^^^ = b^ x cr(b). 

- Let P{a) = (J™ + Xm^ia"^-^ + • • • + Aid + Aq G Fp[cj]; then b^W = 
o-'"(b) X cj™-i(b)^— 1 X • • • X cj(b)^i X b^o. 
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- Let us note b^(^) ~ Z[C], if the ideal (T'"(b) X(7"*-i(b)^'—i ... (T(b)^i xb^o 
is principal. 

- Let P{a),Q{a) G Fp[a]; if b^^'^) ~ Z[C], then b^(^)^^(<^) ~ Z[C]. 

- Observe that trivially b'^*'"'"^ ~ Z[C]. 

• There exists a monic minimal polynomial P^^ {V) G Fp [V] , polynomial ring of 
the indeterminate V verifying the relation, for V = o"*^: 

(2) b^'-d(^'') ~Z[C]. 

This minimality implies that, for all polynomials R{V) € Fp{V), R{V) 7^ 
0, deg{R{y)) < deg{Pr^{y)), we have b^^'^'') ^ Z[C]. It means, with an other 
formulation in term of ideals, that Hilo <7*^(b)'^»''' is a principal ideal and that 
Y^=Q cr''^(b)^» is not principal when a < and i = 0, . . . , a, are not all 
simultaneously null. 

• Pr^{U) is the minimal polynomial of the indeterminate U with P^^^a'^) G 
Fp[G(i] annihilating the ideal class of b. 

3.2 Representations of Galois group Ga/(Q((^)/Q) in char- 
acteristic p. 

In this subsection we give some general properties of representations of G = GaZ(Q(C)/Q) 
in characteristic p and obtain some results on the structure of the p-class group of 
Q(C). Observe that we never use characters theory. 

Lemma 3.1. Let dGN, p — 1 = mod d. Let V he an indeterminate. Then 
the minimal polynomial Pr^iV) with Pr^ia'^) G Fp[G<i] annihilating ideal class 0/ b 
verifies the factorization 

rd 

PrdiV) = Y{{V - fJ-hd)^ Hd^'Pp, H ''■2 ^ fJ-h 1^12- 
i=l 

Proof. Let us consider the polynomials A{V) = V^~^ — 1 and Pr^{V) G Fp[y]. It is 
possible to divide the polynomial AiV) by Pr^iV) in the polynomial ring Fp[l^] to 
obtain 

A{V) = Pr,{V) X Q{V) + R{V), Q{V), R{V) G ¥p[V], 
dn = degv{R(y)) < = de5y(P,,(y)). 
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For V = a'^, we get b'^''^" ''"^ ~ Z[C] and b^'-d('^') ~ Z[C], so s«('^^) ~ Z[C]. Suppose 
that R{V) = X^^=o-^^% £ Fp, is not identically null; then, it leads to the 
relation 

dB 
i=0 

where the Ri are not all zero, with (Ir < r^, which contradicts the minimality of the 
polynomial Pr^{V). Therefore, R{V) is identically null and we have 

VP-^-l = Pr.,{V)xQ{V). 

The factorization of VP~^ — 1 in Fp[y] is VP~^ — 1 = 11^=1 ~ '^^^ factorization 
is unique in the euclidean ring Fp[V] and so Pr^iV) = YYitii^ ~ l^i,d)i l^i,d G 
Fp, h ^ 12 ^ fJ-h /^i2) which achieves the proof. □ 

Lemma 3.2. Let dGN, p — 1=0 mod d. Let U, W be two indeterminates. Let 
Pri{U) be the minimal polynomial with -Pri(c) £ annihilating the ideal class 

ofh. Let Pr^{W) he the minimal polynomial with Pr^ia'^) G Fp[G(i] annihilating the 
ideal class ofh. Then 

1. Pr,{U)=W=liU-fii), ^Ji^&Fp. 

2. Pr,{U^) = YTiiiiU'^ - l^i) = PrAU) X Qd{U), ra < n, Qd{U) e Fp[U]. 

3. The p-ranks ri and verify the inequalities 
(3) Trf X d > ri > Td- 

4- Let K(i he the intermediate field Q C C Q(C)) [Kd : Q] = d. Suppose that 
p does not divide the class number of K^/Q; then fif 1 for i = 1, . . . , r,^. In 
particular Hi ^ 1 for i = 1, . . . ,ri. 

Proof. 

• Observe, at first, that degu{Pr^{U'^)) = d x rj, > ri: if not, for the polynomial 
Pr^W^) seen in the indeterminate C/, whe should have degu{Pra{U'^)) < ri and 
Pj.^(a'^) o b ~ Z[C] and, as previously, the polynomial Pr^{U'^) of the indeter- 
minate U should be identically null. 

• We apply euclidean algorithm in the polynomial ring Fp[i7] of the indeterminate 
U . Therefore, 

Pr.iV^) = Pr,{U) X Q{U) + R{U), Q{U),R{U) G Fp[U], 
deg{R{U)) < deg{Pr,{U)). 
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But we have h^-di'''') ~ Z[C], b^-iM - Z[C], therefore b^('^) ^ Z[C]. Then, 
similarly to proof of lemma IXTl p IlUl R{U) is identically null and Pr^{U'^) = 
PrAU)xQ{U). 

• Applying lemma ITT] p 1 1 Ul we obtain 

PrAU)=lliU-fii), /XiGFp, 
i=l 

rd 

i=l 

• Then, we get 

rd ri 

PrdiU") = XliU" - = - ^^^) X Q{U). 

1=1 i=l 

There exists at least one i, 1 < « < r^, such that {U'^ — fii,d) = {U — fJ-i) x 
Qi{U): if not, for all i = 1, . . . , r^, we should have — fn^d = Ri mod {U — 
/ii), Ri E F*, a contradiction because HIli 0- We have ^i^d = fJ-f- 
if not U — Hi should divide — fii^d and If^ — fif and also U — fii should 
divide {jj-i^d — /^i) G F*, a contradiction. Therefore, there exists at least one 
i, I <i < rd, such that fii^d = f^f and V^-^i^d = — fif = {U — fii) x Qi{U). 

Then, generalizing to ^i^d for alH = 1, . . . , r,^, we get with a certain reordering 
of index i 

rd ri 

• We have 

rd 

PrdiU'')=ll{U'-l^f). 
i=l 

This relation leads to 

rd d 

Prd{u'') = J{X{{u-^,,^l^,), 

i=ij=i 

where fXd G Fp, //^ = 1. We have shown that Pr^iV^) = PniU) x Qd{U) and 
so degu{Pr^{U)) = d x rd > ri; thus d x rd > ri. 
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• We finish by the proof of item 4): suppose that, for some i, I < i < 

Vd, we have fif = I and search for a contradiction: there exists, for the 
indeterminate V, a polynomial Pi{V) G Fp(y) such that Pj-^iV) = (V — 
fif) X Pi{V) = {V - I) X Pi{V). But for V = a'^, we have h^-di'^''^ ~ 
Z[C], so h^'^^^ii'^^^-M'T^)) ~ z[C]. So, b^i^^'') is the class of an ideal c of 
Z[C] with Cl{a'^{c)) = Cl{c); then C/(cj2^(c)) = Cl{a'^{c)) = Cl{c). Then 
Cl{a'^{c) X (t2^(c) X ••• X a(P-y'*/"'(c)) = C/(c(P-i)/'^). Let r = ct^; then 
C^(r(c) X r2(c) x ••• x r(P-i)/'='(c)) = CI(c(P-i)/'='); Then we deduce that 
CI{Nq(^q^j^^{c)) = Cl{c^~^^/^) and thus c is a principal ideal because the 
ideal -^Q(^)/k^(c) of is principal, (recall that, from hypothesis, p does not 

divide h{K(i/Q)); so b^^^'^'') ~ ^[C]) which contradicts the minimality of the 
minimal polynomial equation h^^'d^"' ^ — because, for the indeterminate V, 
we would have deg{Pi{V)) < deg{Pr^{V)), which achieves the proof. 

□ 

Remark: As an example, the item 4) says that: 

1. If d = 2, then classically p / h{K2/Q) and so item 4) shows that /li ^ —1: there 
is no ideal b whose class belongs to Cp which is annihilated by cr — n(p_i)/2 = 

(7+1. 

2. if /i+ ^ mod p, (Vandiver's conjecture) then fjif^^^^"^ = — 1 for z = 1, . . . ,ri. 
We summarize results obtained in: 

Lemma 3.3. Let b be an ideal o/Z[C], b^ ~ Z[C], b ^ Z[C]. LetdeN, p-l = 
mod d. Let U, W be two indeterminates. Let Pr^ (U) be the minimal polynom,ial 
with -Pri(c) G FpiC] annihilating the ideal class ofh. Let Prj^{W) be the minim,al 
polynomial with Pr^{(7'^) G FplGd] annihilating the ideal class ofh. Then there exists 
III, Ii2, ■ ■ ■ , IJ-n £ Fp? with i ^ i' ^ iii ^ ji'^, such that, for the indeterminate U , 

• the minimal polynomials Pr^iU) and Pr^iLf^) are respectively given by 

ri 

PrAU)=\[{U-lXi), 

i=l 

rd 

i=l 

PrAU) I Pr.iU"). 
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• The coefficients of Pr^{U'^) are explicitly computable by 

v^'^ - Slid) X [/'^(^■'i-i) + S2{d) X + . . . + {-ly^-^Sr.-iid) xu'^ + {-ly-'^SrM)^ 

Soid) = 1, 

2=1,. ..,rd 

52(d) = Yl ^n^t 

l<ii<i2<rd 

• Then the ideal 

i=0 

is a principal ideal. 

Remark: For other annihilation methods of Cl{Q{()/Q) more involved, see for 
instance Kummer, in Ribenboim 'B_ p 119, (2C) and (2D) and Stickelberger in Wash- 
ington |9| p 94 and 332. 

3.3 On the structure of the ]7-class group of subfields of 

In this subsection we get several results on the structure of the p-class group of Q(C) 
and on class number h of Q(C)- 

• A formulation, with our notations, of a Ribet's result on irregularity index. 

• Let d,g & N coprime with d x g = p — 1. For groups generated by the action 
of Galois groups G and of subgroups Gd,Gg of G on ideals b of Q(C)) an in- 
equality between degrees ri, r^, rg in the indeterminate X of minimal polynomi- 
als Pr,{X),Pr,{X),Pr^{X) G Fp[X], with Pr,{a),Pr,{a'^),Pr^{a9) annihilating 
ideal class of b. 

• Some TT-adic congruences connected to structure of p-class group Cp of Q(C)- 
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3.3.1 Some definitions and notations 

• Recall that: 

— rp is the p-rank of the class group of Q(C)- 

— Cp is the subgroup of exponent p of the p-class group of Q(C)- 

• The Q-isomorphism a of Q(C) generates G = Ga/((Q(C)/Q), Galois group of the 
field Q(C)- For d \ p — 1, let be the subgroup of d powers cr'^* of elements 

of G. This group is of order 

• Suppose that rp > 0. There exists an ideal class with representants b C '^[C], 
with ~ ^[C]) b 7^ ^[C]) which verifies, in term of representations, for some 
ideals bj of i = 1, . . . , rp, 

rp 

b-n^*' 

1=1 

bf~Z[C], b, 9^Z[C], i = i,.. 
(5) a(bi)~bf, /XiGFp, b^ + vr 

Cp = ®Zi < Cl{h^) >, 

i=l 

where Pr^{U) is the minimal polynomial in the indeterminate U for the action 
of G on the ideal b, such that Pr^{(j) G Fp[G] annihilates the ideal class of b, 
see theorem 13.31 p Recall that it is possible to encounter the case /ij = 
in the set {^i, . . . , /irp}; by opposite if U — m and U — fij divide the minimal 
polynomial Pr^{U) then /ij ^ jij. Therefore ri is the degree of the minimal 
polynomial Pr^{U). 

• With a certain indexing assumed in the sequel, the ideals classes C^(bj) G C~ 
for i = 1, . . . , r~, and ideal classes C/(bj) G Cp for i = r~ + 1, . . . , rp. 

— The ideal b verifies b ~ b~ x b+ where b^ and b+ are two ideals of Q(C) 
with Cl{h-) e Cp and Cl{h+) G C+ . 

— With this notation, the minimal polynomial P^ [U) factorize in a factor 
corresponding to C~ and a factor corresponding to C+, with: 

(6) PrAU) = P,^{U) X P^^{U), ri = rr+r+. 



= Z[C], i = l,...,rp. 
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— P^-{U) is the minimal polynomial with P_^~[a) € Fp[G] annihilating the 
class of ideal b~ € C~ . 

— P^,+ {U) is the minimal polynomial with P^+((t) G FplC] annihilating the 
class of ideal b+ € Cp. 

• Let us denote Mj.^ = {/i, | i = 1, . . . , ri}. 

• Let d G N, d \ p - 1, 2 < d < Let be the field Q C C 
Q(C), [Kd ■.Q]=d. 

• Let Pr^ (V) be the minimal polynomial in the indeterminate V of the action of 
the group on the ideal class group < b > of order p, such that Pr^{(7'^) G 
Fp[Grf] annihilates ideal class of b. Let be the degree of Pr^iV). 

3.3.2 On the irregularity index 

Recall that is the p-rank of the group Cp. The irregularity index is the number 

p — 3 

ip = Card{Bp_i_2m \ -Bp_i_2m = mod p, 1 < m < }> 

where i3p_i_2m are even Bernoulli Numbers. The next theorem connects irregularity 
index and degree of minimal polynomial P - {U) defined in relations © p. llSl and 
Elp. CSl 

Theorem 3.4. *** With meaning of degree of minimal polynomial P^- (U) defined 
in relation ^ p. \15l then the irregularity index is equal to the degree r^ and verifies 

(J) rp -r+ <ip = r^ <rp. 

Proof. Let us consider in relation © the set of ideals {bj | i = 1, . . . , rp}. The result 
of Ribet using theory of modular forms [Jj mentionned in Ribenboim [Sj (8C) p 190 
can be formulated, with our notations, 

(8) Bp-i-2m = mod p 4^ 3f, l<i< rp, br"^'"+^ ~ Z[C]. 

There exists at least one such i, but it is possible for i ^ i' that b°^ "2m+i ^ 

• The relation (jS)) p. implies that ip = r^ . 

• The inequality p. El is an immediate consequence of independant forward 
structure theorem 13. 151 p. 071 

□ 
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3.3.3 Inequalities involving degrees ri,rd,rg of minimal polynomials 

Pr,{V),Pr^{V),Pr^{V) annihilating ideal b. 

In this subsection, we always assume that b is defined by relation @ p. El 

Let p be an odd prime. Let d,g £ N, with gcd{d, g) = 1 and d x g = p — 1. Recall 
that ri, and are the degrees of the minimal polynomials Pr-^^iV)^ Pr^{V)^ Pr^iV) 

of the indeterminate V with b^' i^'^) ~ b'^'^d^'^'') ~ b^'^s^'^") — Z[C]- The next theorem 
is a relation between the three degree ri^rd and rg. 

Theorem 3.5. ***Letd,g£N, gcd{d,g) = l, dx g = p — 1. Suppose that > 1 
and Vg > 1. Then 

(9) TdX rg> ri. 

and if rd = 1 then Tg = ri. 

Proof. 

• Let us consider the minimal polynomials Pr^{U'^) = n[=i(^'^~/"f) ^rg{U^) = 
U?=iiU^-'^j) of the indeterminate U with h^-di''"^ ~ Z[C] and h^-oi'^') ~ Z[C]. 

• From lemma p illl we have seen that Pr-^{U) \ Pr^{U'^) and that similarly 

Pr,{U) I Pr,{U9), thus P,, ([/) | gcdiPr.iU'^) , Prg{U9)) . 

• Let Mr^ = {fJ-i I z = 1, . . . , n}. Let us define the sets 

Ci{fj.i) = {m X aj \ a'j = I, j = 1, . . . ,d} n Mri, i = l,...,rrf. 
Let us define in the same way the sets 

C2{i^i) = {i^i X Pj I = j = l,...,g}r\Mr^, i = l,...,rg. 

• We have proved in lemma dIIII that Pr^{U) \ Pr^{U'^). Therefore the sets 
Ci{fii), i = 1, . . . ,rii, are a partition of M^j and ri = Card{Ci{fii)). 

• In the same way Pr^{U) \ Prg{U^). Therefore the sets C2{vi), i = 1, . . . ,rg, 
are a partition of M^^ and ri = YllLi Card{C2{vi))- 

• There exists at least one « G N, 1 < « < ''d, such that Card{Ci{fj,i)) > 
For this let z/i = /ij x ai, af = 1, z^i € Mr-^ and, in the same way, let 
2^2 = A^i X «25 «2 ~ ^^2 G -^rn 1^2 7^ t^i- We have uf 1/2 : if not 
we should simultaneously have af = 0.2 and = Og, which should imply, 
from gcd{d,g) = 1, that qi = 02, contradicting z^i / 1^2 and therefore we get 

C2{ui) ^ 02(1^2). 
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• Therefore, extending the same reasoning to all elements of Ci{pi), we get ^ < 
Card{Ci{^i)) < rg, which leads to the result. 

• If = 1 then Vg > ri and in an other part rg < ri and so rg = ri. 

□ 

Remarks: 

• As an example, consider an odd prime p verifying p ^ 1 mod 4. Suppose 
also that /i+ ^ mod p. Then Pr^^_^^^^{a) = a^v-^'^l'^ + 1 = [/ + 1 for the 

indeterminate U = a^^'^^^"^. Therefore ?'(p-i)/2 = 1 and thus r2 = ri. 

• Observe that 1 < < ri implies that > 1. 

3.3.4 On Stickelberger's ideal in field (Q)(C) 

In this subsection, we give a result resting on the annihilation of class group of Q(C) 
by Stickelberger's ideal. 

• Let us denote a ~ c when the two ideals a and c of Q(C) are in the same ideal 
class. 

• Let G = Gal{Q{C)/Q)- 

• Let Tq : C — > C^) a = 1, ... ,p — 1, be the p — 1 Q-isomorphisms of the field 
Q(C)/Q- 

• Recall that u is a primitive root mod p, and that cr : ^ — > is a Q-isomorphism 
of the field Q(C) which generates G. Recall that, for i € N, then we denote Ui 
for M* mod p and 1 < Ui < p — 1. 

• Let b be the not principal ideal defined in relation © pEl Let P^i (c) G Fp[G] 
be the polynomial of minimal degree such that P^i (o") annihilates b, so such 
that b^''i(°') is principal ideal, see lemma IXTl p ITUl and so 

n 

1=1 

In the next result we shall explicitly use the annihilation of class group of 'Q(C) by 
the Stickelberger's ideal. 

Lemma 3.6. Let Pr^{U) = Y\2=i{U — iJ-i) be the polynomial of the indeterminate U, 
of minimal degree, such that b^'^i^'^^ is principal. Then fii ^ u, i = 1, . . . , ri. 
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Proof. 



• Let i € N, 1 < I < ri. From relation © d I151 there exists ideals bj € 

i = l,...,rp, not principal and such that b = 111=1 with b"^"'^' 
principal. 

• Suppose that = u, and search for a contradiction: Let us consider 9 = 
Ea=i ^ X ^ '^[G]- Then p9 G Z[G] and the ideal b^'' is principal from 
Stickelberger's theorem, see for instance Washington theorem 6.10 p 94. 

• We can set a = n™, a = 1, . . . ,p — 1, and m going through all the set 
{0, 1, ... ,p — 2}, because u is a primitive root mod p. Then : C — > 

and so r-i : C ^ C^"^"') = ("""'^"'^ = = C^"""'"") = af-i— = a"™. 

• Therefore, p9 = Yl^m=o'^"^'^~^ • The element a — fii = a — u annihilates the 
class of bj and also the element u x — 1 annihilates the class of bj. Therefore 
y^m^-m _ m = 0, . . . ,p — 2, annihilates the class of bj and finally p — 1 
annihilates the class of bj, so b^~^ is principal, but b^* is also principal, and 
finally bj is principal which contradicts our hypothesis and achieves the proof. 

□ 

3.4 TT-adic congruences connected to ^-class group Cp 

In a first subsection, we examine the case of relative p-class group C~ . In a second 
subsection, we examine the case of p-class group Cp. In last subsection, we sum- 
marize our results to all p-class group Cp. These important congruences (subjective) 
characterize structure of p-class group. 

3.4.1 TT-adic congruences connected to relative p-class group C~ 

In this subsection , we shall describe some 7r-adic congruences connected to p-relative 
class group C~. 

Some definitions and a preliminary result 

• Let Cp be the subgroup of exponent p of the p-class group of Q(C)- 

• Let Tp be the p-rank of Cp, let be the p-rank of Cp and r~ be the relative 
p-rank of C~. Let us recall the structure of the ideal B already defined in 
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relation © pEl 



B = bi X • • • X b_ - X b - , -, X • • • X br 



'1 



Cp = < Cl{h,) >, 
bf~Z[C], b, 9^Z[C], i = l,...,rp, 
cT(bi)~bf, /UiGFp, i = l,...,rp, 
(10) C/(bi)GC-, i = l,...,r~, 

Ci(bi) G C+, i = + 1,. . . ,rp, 

(Observe that we replace here notation b by B to avoid conflict of notation 
in the sequel.) In the sequel, we are using also the natural integers nii, with 
< m,j < defined by /ij = U2m^+i = v?"^^^^ mod p. 

• Recall that it is possible to have = fij = fj,: observe that, in that case, the 
decomposition < CZ(bj) > © < Cl{hj) > is not unique. We can have 

< CZ(bi) > © < Clihj) >=< Cl{h'i) > © < Cl{h'j) >, 
a(b,)=.bf, a{h,)c,h^, a(b^,)^(b^)^ a(b;.) (^.)^ 

< CZ(bi) >0{< C/(bj) >, <Cl{h'i)>, <Clih'j)>}. 



• Recall that Pnio') G is the minimal polynomial such that b^'^i^'^^ ~ Z[(] 
with ri < Vp. 

• Recall that P^-{a) € Fp[G] is the minimal polynomial such that i^)^'"^^'^^ — 
Z[C] with rf < r~. 

• We say that the algebraic number C G Q(C) is singular if CZ[(] = d' for 
some ideal c of Q(C)- We say that C is singular primary if C is singular and 
C = cP mod vrP, c G Z, c ^ mod p. 

At fisrt, a general lemma dealing with congruences on p-powers of algebraic num- 
bers of Q(C). 

Lemma 3.7. Let a,(3 Z[C] with a ^ mod vr and a = (3 mod vr. Then = 
PP mod vrP+i. 
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Proof. Let A = — !)• Then a — /? = mod vr implies that a — = mod tt for 
/c = 0, 1, . . . ,p — 1. Therefore, for all k, < k < p — 1, there exists S N, < 
Ofe < p — 1) such that (a — C'^P) = Aa^ mod vr^. For another value /, < / < p — 1, we 
have, in the same way, (a — = Aa; mod vr^, hence (C*' — CO/^ = '^('^fc — ^z) niod vr^. 
For k ^ I we get 7^ a^, because '/r||(C'^ — and because hypothesis a ^ mod vr 
implies that /? ^ mod vr. Therefore, there exists one and only one k such that 
(a - C'^P) = mod n^. Then, we have YfjZlia - C^'/3) = (a^ - (3P) = mod vrP+i. □ 

For i = 1, . . . ,r~, to simplify notations in this lemma, let us note respectively 
h,B,C,fj, = U2m+i for hi, Bi,Ci, = U2mi+i as defined in the two relations (fTU]) p. 

miand ((n p. Ea 

Lemma 3.8. For i = 1, . . . ,r~ , there exists algebraic integers B € such that 



(11) 



Proof. 



BZ[C] = 

a(|)x(|)-'^ = (=f, aeQ(C), aZ[C]+^ = Z[C] 
B B Oi 

a{ = ) = mod 7rP+^ 

^5 B 



1. Observe that we can neglect in this proof the values /x = U2m such that a — n 
annihilates ideal classes G Cp , because we consider only quotients =, with 
ideal classes Cl{h) in C~. The ideal is principal. So let one /3 € Z[(^] with 
/3Z[(^] = b^. We have seen in relation p ll5l that cr{h) ~ b'^, therefore there 
exists a G Q(C) such that ^ = aZ[C], also ^ = e x a^, e G Z[C]*. Let 
B = 6^^ X P, S £ Z[C]*, for a choice of the unit 6 that whe shall explicit in 
the next lines. We have 

a{6 xB)=aP x{5x B f x e. 

Therefore 

(12) a{B) = aP xBi" X {(t{5~^) x 6^" x e). 

From Kummer's lemma on units, we can write 

5 = C'xr]i, VI eZ, r?i GZ[C + r']*, 

£ = C^X7J2, V2eZ, 7y2GZ[C + C-Y- 

Therefore 

a{5-^) xSf xe = ^ r/, 77 G Z[C + C"^]*- 
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From lemma HTBI d 1181 we deduce that 7^ u, therefore there exists one vi with 
—viu + vifi + V2 = mod p. Therefore, chosing this value vi for the unit 5, 

a{B)=aPxB^'xr^, aZ[C] + vr = Z[C], r/GZ[C + rV, 
a(B) = cP xW XT]. 

We have a = a mod vr and we have proved in lemma 13.71 p |2UI that = 
oP mod vr^"^^, which leads to the result. 

□ 



TT-adic congruences connected to relative p-class group C~ : For i = 

l,...,r~, to simplify notations in this lemma, let us note respectively h,B,C,iJ, = 
U2m+i for ^i, Bi,Ci, fii = U2m^+i as defined in the two relations ((TUl) p. QUI and ((TH) 

p. E21 

Lemma 3.9. For each i = 1, . . . , r^, there exists singular algebraic integers B E Z[(^], 
such that 

p-3 

H = U2m+i, m G N, 1 < m < , 
(14) BZ[C\ = bP, 

C = ^ = lmod^^+\ 
B 

Then, either C is singular not primary with 7r^"^+^ || C — 1 or C is singular primary 
with vrP I C - 1. 



Proof. 



The definition of C implies that C = 1 mod vr, and so that cr(C) = 1 mod vr. 
There exists a natural integer v such that vr^ || C — 1, therefore we can write 

, , C = 1 + coA^ mod A'^+\ 

(15) 

Co € Z, Co ^ mod p. 

We have to prove that u < p implies that u = 2m + 1 for the integer m < p — 1 
verifying /x = U2m+i- 



From lemma rTKl p l21[ it follows that cr{C) = x a^, with some a € 
and so that 1 + Cocr(A)'' = (1 + ^cqX^) x mod vr'^^^. This congruence 
implies that a = 1 mod vr and then, from lemma l3?71 oP = \ mod vr^^^. Then 
1 + coc7(A)^ = 1 + pcqW mod A'^+i, and so a{X) = ^xX" mod vr''+^ This 
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implies that a{C - l)" = fiX" mod 7r''+\ so that (C - l)*" = /wA'^ mod 7r''+\ so 
that ((A + 1)" - 1)" = fiX" mod 7r^+^ and finally u^X" = iiX'' mod 7^^+^ with 
simplification — = mod tt. Therefore, we have proved that u = 2m + 1 
or that, when ttP / C - 1, then tt^^+i || C - 1. 

□ 

Remarks: 

1. In considering b^^^ in place of b, we consider B^^^ and C^~^ in place of 
B and C, such that we can always assume without loss of generality that 
B = C = 1 mod TT. We suppose implicitely this normalization in the sequel. 

2. In relation H15() we can suppose without loss of generality that cq = 1 because 
we can consider b" with l<n<p — lin place of b with n x cq = 1 mod p. 
We suppose implicitely this normalization in the sequel. 

As previously, for i = l,...,rp, to simplify notations in this lemma, let us note 
respectively h,B,C,fi = U2m+i for hi, Bi,Ci, fii = U2mi+i as defined in the two 
relations p. [201 and p4j) p. 1221 In the following lemma, we connect vr-adic 
congruences on C — 1 with C = = to some vr-adic congruences on algebraic integer 
B. 

Theorem 3.10. 

1. If the singular number B is not primary, there exists a primary unit r] € + 
C^'^] — {1, —1} and a singular not primary number B' = such that 

a{B') = B'^" xaP, a G Q(C), 

(16) s'z[C]=b2p, B'eziC], 

^2m+l II _ ^_ 

2. If the singular number B is primary then 

a{B) = Bi' xaP, a G Q(C), 

(17) BZ[C] = hP, 

ttP-^ \ B-1. 

Proof. 1. We have CZ[(] = b^ where the ideal b verifies a{h) ~ b'^ and C/(b) G 
Cp . From relation (fT^ p. I^JJand from Cl{h) G C~, we can choose B such 
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that 

JD 

a{B) = B^" X aP X e, ^i = U2m+i, a G Q(C), f^(a) = 0, eGZ[C + C"^]*- 
We derive that 

a{BB) = a{ri) x ^(7^) 

a{BB) = [BBY X {aaf x = ^/^^pm x {aaf x 

and so 

a{r]) = r]^' X X e{, eiGZ[C + C"Y- 

We have seen that 
and so 

= X a^p X (a(??)r/-'^e-P) 

which leads to 
^2 

a{—) = {—Yxal, al = a^Px£-'P, aa G Q(C), ^^(02) = 0. 
■q 7] 

Let us note = ^, G Z(C), = 0- We get 



(18) a{B') = {B'Y X al. 

This relation H18|) is similar to hypothesis used to prove lemma 13.91 p. 1221 
This leads in the same way to B' = dP mod vr^™'^^, d G Z, d ^ mod p. 
Therefore {B'Y~^ = 1 mod vr^™"^^, which achieves the proof of the first part. 



2. We have 

a{B) = B^xaPxr^, rj e Z[C + C'V 
a(B) = B^ xaPxrj. 

Prom simultaneous application of a Furtwangler theorem, see Ribenboim [S] 
(6C) p. 182 and of a Hecke theorem on class field theory, see Ribenboim [S] 
(6D) p. 182, it results that 

(20) B xB = 

where /? G Z[C] — Z[C + C~^]*- From these two relations, it follows that r] G 
(Z[C + C~^]*)^) which achieves the proof of the second part. 

□ 
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On structure of p-class group Cp 



In this paragraph, the indexing of singular primary and of singular not primary Q 
with usual previously defined meaning of index i = 1, . . . , r+, r+ + 1, . . . , r~, is used 
to describe the structure of relative p-class group C~: we shall show that, with a 
certain ordering of index i, then Ci are singular primary for i = 1, . . . , r^j" and Cj are 
singular not primary for i = r+ + 1, . . . , r~. 

Theorem 3.11. *** lei C = ^ x • • • x Cf ' x • • • x C^" with G F^, 1 < n < r " 
and with fii = U2mi+i pairwise different for i = 1, . . . ,n. Then C is singular primary 
if and only if all the Ci, i = 1, . . . ,n, are all singular primary. 

Proof. 

• If Cj, i = 1, . . . ,n, are all singular primary, then C is clearly singular primary. 

• Suppose that Ci, i = 1, . . . ,1, are not singular primary and that Cj, i = 
I + 1, . . . ,n, are singular primary. Then, from lemma 13.91 d I22I and remark 
following it, 7r^™'+-^|[ Cj — 1, i = 1, . . . ,1, where we suppose, without loss of 
generality, that 1 < 2mi + 1 < • • • < 2mi + 1. Then 7r^"i+^ II C" - 1 and so C 
is not singular primary, contradiction which achieves the proof. 

□ 

Lemma 3.12. Let C of relation il4\ ) P- li^H If C is not singular primary, then 

C =l + V{^i) modiiP-^, /i = U2m+i F(/u)gZ[C], 
where V{^) mod p depends only on fi with vr^^+^H V{^). 

Proof. The congruence <t{C) = mod vr^"''^ and the normalization C = 1 + 
^2m+i mQ(| ^2ni+2 explained in remark following lemma 13.91 p. implies the re- 
sult. □ 

Theorem 3.13. *** Let Ci,C2 singular not primary defined with relation \14\ ) p. 
If fii = fJ.2 then Ci x C^"^ is singular primary. 

Proof. Let /^i = /i2 = = ^2m.+i- Therefore cr(Ci) = mod 7r^+^ and o"(C2) = 
6*2 mod vr^^^. From previous lemma l3.12l p. 1251 we get 

Ci = l + V{fi)+pWi, TyiGQ(C), v^{V{fi))>2m + l, v^{Wi)>0, 
C2 = l + V{fi)+pW2, VF2GQ(C), v^{V{fi))>2m + l, v^{W2)>0, 

TT^^+l II Vif,), 
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Elsewhere, Ci,C2 verify 

a{Ci) = Cf mod ttP+\ 
ct(C2) = mod 7rP+\ 

which leads to 

1 + a{V{fi)) + paiWi) = 1 + A{fi) +p^iWi mod 7rP+\ 
l + a{V{ii)) +pa{W2) = 1 + A{fi) +p^W2 mod 7tP+\ 

where A{iJ,) G Q(C)i ^^^{Aip.) > depends only on p. By difference, we get 

p{a{Wi - W2)) = PfiiWi - W2) mod 7rP+\ 

which implies that 

a{Wi - W2) = fi{Wi - W2) mod vr^. 

Let Wi — W2 = a\ + b, a, 5 G Z, A = ^ — 1. The previous relation implies that 
6(1 — /i) = mod p and so that aa{X) + b = paX+fib mod vr^, and so that 6 = mod p, 
because p ^ 1. Thus Wi — W2 = mod vr and finally Ci = C2 mod vr^ and also 
CiC2^ = 1 mod ttP and CiC^^ is singular primary. □ 

Corollary 3.14. Let Ci, . . . ,C^, I < v < Vp, singular not primary, defined by 
relation p. [H 

1. If pLi = ■ ■ ■ = py = pL then C[ = CiX C~^, . . . , C^_i = Cj^-i x C^^^ are singular 
primary. 

2. In term of ideals, it implies that 

eti < c/(b,) >= 0^-1^ < ci{hih-^) > © < ciiK) >, 

w/iere a{hih^^) ~ (bjbj;-^)'' 

Proo/. 

1. Immediate consequence of theorem 13. 131 p. 



2. < Cl{hi) > is a p-group of rank ©J'^^ < C/(bjbj,^) > is a p-group of 

rank ly — 1. < CI (hi,) > is a p- group of rank 1. 

□ 
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Remark: It follows that, when /xi = ••• = //,/ = ^u, we can suppose without loss 
of generality, with usual meaning of indexing i = 1, . . . ,r~ , that the representants 
Ci, . . . , C,y_i chosen are singular primary. 

Theorem 3.15. On structure of p- class group C~ . 

Let hi he the ideals defined in relation hlU\) p. \^ Let = ^ Clihi) >. 

Let Ci = =-, Bi'LlQ = b^, C/(bj) e C~ , z = 1, . . . ,r~, where Bi is defined in 
relation p. \22l Let rj~ he the degree of the minimal polynomial P^- (cr) defined 
in relation mu\) p. \2IA With a certain ordering of Ci, i = 1, . . . , r~, 

1. Ci are singular primary for i = 1, . . . , and Ci are singular not primary for 



ft ty* I />> 

2. (a) If j > i > r + + 1 then ^ /ij. 
(h) If Hi = fij then j < i < r+ . 

3. r~ — r:^ < r^ < rp . 
Proof. 

1. It is an application of a theorem of Furwangler, see Ribenboim [H] (6C) p. 182 
and of a theorem of Hecke, see Ribenboim [Hj (6D) p. 182. 

2. See lemma 15. 131 p. EHl 

3. Apply corollary EH p. 123 

□ 

3.4.2 TT-adic congruences connected to p-class group Cp 

For i = rp + 1, ... ,rp, to simplify notations in this lemma, let us note respectively 
h,B for ideal bj and algebraic integer Bi, as defined in the two relations (jlUj) p. EOl 
and (HH) p. E21 

Theorem 3.16. *** 

Let the ideals b, such that Cl{h) G Cp defined in relation U(J\) p. \2(A There exists 
B such that: 

p — 3 

IJ- = U2n, I <n< — ^ 

a(b) ~ b^, 

(21) BZ[C] = hP, 

a{B) =B^' xaP, a G Q(C), 
B = 1 mod vr^". 
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Proof. Similarly to relation ()13|) p. 1221 there exists B with BZ[(^] = such that 
a{B) = Bf" X aP X r], a G (Q(C), r] ^ + C^V ■ 

From relation (|32() p. 1361 independant forward reference in section dealing of unit 
group Z[^ + we can write 

^ - 3 

V = Vi' xiU'^f), A, GFp, l<iV<^, 

i=2 

a(r/i) = < X /3f , GZ[C + r^]*, 

air^j) = 7]"/ X 7?, , /?, G Z[C + C"']* , j = 2, . . . , iV, 

z^i / i = 2, . . . , iV. 

Let us note 

N 

E = Vi\ U = llrj^\ 

i=2 

Show that there exists V G Z[(" + C""^]* such that 

a{V) X V-^ = U^^ xeP, e G Z[C + C"Y 
Let us suppose that V is of form 1/ = Y\jL2 Vj^ • Then, it suffices that 

rjP X r^j'^^ = r?;"^- x e^, e, G Z[C + C" J = 2, . . . , iV. 

It suffices that ^ 

Pj = — mod p, j = 2,...,N, 

which is possible, because lyj ^ fj., j = 2, . . . , N. Therefore, for B' = B x V, we get 
B = B'V-^ and so 

a{B) = a{B'V-^) = Bt^aPr] = [B'V-^YaPr] = {B'V'^Y x x E x U, 



so 



so 



a{B') = {BYa{V)V-^' xa^ xExU, 



a{B') = {B'Y{U-^eP xqP xExU), 
so we get simultaneously 

a{B') = {B'Y xaP xeP xE, a G 
a{E)=E^'x£P, eieZ[C + rY- 
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Show that 

(22) a{B') = B'^ X a'P. 

1. If ^ e (Z[C + then we get 
(23) a{B') = B'f" X a'^. 

2. If E ^ (Z[C + C'^*)P then by conjugation a, 

a{B') = {B'Y -xalxE, ai G 
a'^{B') = a{B'Y xE^" xtf, bGQ{C), 

so gathering these relations 

a{BY = [B'Y^ X af x £;^, 

and so 

cP X a(S')^(S')"''' = <T^(S')f^(^')"^, c G Q(C) 

which leads to 

cPB'f'^iB'y^'^ = B"'\b')-'"', 

and so 

(i?')(-/^)^ = cP, CGQ(C). 
Elsewhere (5')'^''"'"^ = 1, so 

(^/)gcd(K-i-i,(<x-^)2^ ^ (S')'^-^' = af, as G Q(C), 

and so a{B') = (B'Y x . 
The end of proof is similar to proof of previous lemma 13 .101 p. 1231 □ 

3.4.3 TT-adic congruences connected to p-class group Cp 

Let us consider the ideals bj, i = 1, . . . ,rp, defined in relation (jTU]) p. I^UJ Then 
Cl{hi) G Cp. From theorem 13.101 p. 1231 and theorem 13.161 p. 123 we can choose 
the corresponding singular primary number Bi with = b^; then a{Bi) = 

Bl X af, a, G Q(C), IJ'i — Urrii^ 1 ^ TTLi ^ P ~ 2. Observc that if nii is odd then 
Clihi) G Cp and if m is even then CZ(bj) G C+. 

The next important theorem summarize for all the p-class group Cp the previous 
theorems 13.91 p. 0^ and I3.1UI p. HSlfoi' relative p-class group C~ and 13.161 p. 1771 for 
p-class group Cp and give explicit vr-adic congruences connected to p-class group of 

Q(C). 
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Theorem 3.17. *** ir-adic structure of p- class group Cp 

Let the ideals hi, i = 1, . . . ,rp, such that CZ(bj) € Cp and defined by relation 
lll(J\} p. W(\ Then, there exists singular algebraic integers Bi e i = 1, . . . ,rp, 

such that 

fj,i = Um,, l<mi<p-2, i = l,...,rp, 

(24) BiZ[C] = hi 

a{B,) = B^^ X af, a, G Q(C), 
B, = 1 mod 7r"'\ 

Moreover, with a certain reindexing of i = 1, . . . , rp/ 

1. The rp singular integers Bi, i = 1, . . . ,rp , corresponding to hi G C~ are 
primary with tt^ \ Bi — 1. 

2. The — r^ singular integers Bi, i = r^ +1, . . . ,r~ , corresponding to hi G 
Cp are not primary and verify vr™' || [Bi — 1). 

3. The rp singular numbers Bi, i = r' + \, . . . ,rp, corresponding to bj G Cp 
are primary or not primary (without being able to say more) and verify 
vr-' I (fi.-l). 

Proof. 

1. For the case C~, apply lemmas [3.1UI p. ESI and theorem 13.151 p. [771 Toward 
this result, observe also that if Bi is not primary, then 1^'^^^+^ || (^B'^y~^ — 1 
and so vr^'"^ / (B-)^"^ — 1 and C = (=)p^^ is not singular primary, therefore 

B' 

B'- primary <J=> C" = ^ primary. 

2. For the case Cp apply the theorem 13.161 

□ 

The case /i = M2m+i with 2m + 1 > 

In the next lemma 15. 181 p. |^and theorem 13.191 p. 1321 we shall investigate more 
deeply the consequences of the congruence C = 1 mod 7r2'"+i of lemma Ei p. [221 
when 2m + 1 > . 
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Lemma 3.18. Let C with /i = U2m+i, 2m + 1 > written in the /< 



2 

C = 1 + 7 + 7oC + 7iC + • • • + 7p-3C"^-^ 

7eQ, Wp(7)>0, 7iGQ, Vp(70>0, i = 0,...,p-3, 



orm: 



7 + 7oC + 7iC + • • • + 7p-3C^-^ = mod vr^^+i, 2m + 1 > 

T/ien C verifies the congruences 

- >-3 , 

7 = mod p, 

/i- 1 

70 = -/u"^ X 7p_3 mod p, 

71 = -(//"^ + fJ,^^) X 7p_3 mod p, 



7p-4 = -(^ H h /u ^) X 7p_3 mod p. 

Proof. We have seen in lemma, rU^n. EUthat a{C) = C mod ttP+^. From 2m + 1 > 
2^ we derive that 

C'^ = 1 + ^ X (7 + 7oC + 7iC + • • • + 7P-3C''-') mod vr^-^ 
Elsewhere, we get by conjugation 

(25) a{C) = 1 + 7 + 7oC + 7iC^ + ■ • • + 7^-3^^"^ • 

We have the identity 

7p-3r^-^ = -7p-3 - 7p-3C 7p-3C''-^. 

This leads to 

a{C) = 1 + 7 - 7p_3 - 7p„3C + (70 - 7^-3)^ + • ' ' + (7p-4 - 7^-3)^^-'- 

Therefore, from the congruence o"(C) = mod 7r^+^ we get the congruences in the 
basis 1,C,C---,C''-', 

l + /i7=l + 7- 7p_3 mod p, 
/^7o = -7p-3 mod p, 
Ai7i = 70 - 7p-3 mod p, 
IJ'12 =11- 7p-3 mod p, 

/U7p_4 = 7p-5 - 7p-3 mod p, 
IJ-lp^s = 7p-4 - 7p-3 mod p. 
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From these congruences, we get 7 = — -^rf mod p and 70 = — /i ^7p-3 mod p and 

then 71 = /i"^(7o - -Jp-i) = /U'^(-/i~^7p_3 - 7p_3) = -(/i^^ + /i"^)7p_3 mod p and 

72 = M^Hti-Tp-s) = M"n-(M~^+/^~"^)7p-3-7p-3) = -{fJ'^^+fJ'^^+fJ'^^hp-s modp 
and so on. □ 

The next theorem gives an exphcit important formulation of C when 2m +1 > 

Theorem 3.19. Let fi = U2m+i, P — 2 > 2m + 1 > corresponding to C 
defined in lemma W^ v. \2iA so cr(C) = mod t:^^"^ . Then C verifies the formula: 

(26) C = l- X (C + Ai~^C + • • • + ^-(P-2)^«p-2) mod TrP^\ 

/i- 1 

Proof. From definition of C, setting C = 1 + we get : 

C = l + V, 

^ = 7 + 7oC + 7iC + • • • + 7p-3C"^-^ , 
a{V) = nxV mod ttP+^. 

Then, from lemma 15. 181 p. 1311 we obtain the relations 

= U2m+1, 

7 = mod p, 

70 = -/""^ X 7p-3 mod p, 

71 = + fJ,~^) X 7p_3 mod p, 



-1p-i = -(/i ^ H h M ^) X 7p_3 mod p, 

7p-3 = H h X 7p_3 mod p. 

From these relations we get 

V^ = -7p-3x(^ + /x-iC+(/^"' + /^"')r + --- + (^-^^-'^ + --- + ^"')0-^^)modp. 
Then 

V = -7p_3 X + + + l)C + ■■■ + (/U-(?'-3) + • • • + l)C''-3)) mod p. 
11 - 1 



Then 

, 1 _i,(;u-i-i)c + (m-2-i)c + --- + (^-(p-2)-i)C'' ^ 

F = -7p_3X 1 mod p. 

/X — 1 ^ — 1 
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Then 

1 _^ ^-lC + + ■ ■ ■ + ;,-(P-2)^^P-3 - C - C" C^-^ , 

y = -7p_3x(— ( _ ))modp. 

Then — — — • • • — ^«p-3 = 1 + ^«p-2 ^^j^^j^ ^-(p-i) = i mod p imphcs that 

1 1 + + + • ■ ■ + ^-(P-2)^»p-3 + -(p-l)^«p-2 

F = -7p_3X ( ^ ))modp. 

/X — 1 /i^ — 1 

Then 

V = -7p_3x(^-)x(l-(l+/x-^C+/^-2C"+---+/x-(P-2)C''-'+/^~^"^^0-')) mod p. 
Then + = and so 

fJ/ i- fj, — i 

V = -7p-3 X (-^) X (C + /x-^C + ■ ■ ■ + + ^-(p-2)^«.-2) mod p. 

□ 
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4 On structure of the ^^-unit group of the cy- 
clotomic field q{Q 

Let us consider the results obtained in subsection l.S ■4l p IT9lfor the action of Gal{Q{C) /Q) 
on C~ . In the present section, we assert that this approach can be partially translated 
mutatis mutandis to the study of the p-group of units of 



F = {z[c + c'r/mc + r Yn/ < -i > . 

This section contains: 

• Some general definitions and properties of the p-unit group F. 

• Some vr-adic congruences strongly connected to structure of the p-unit-group F. 
These congruences are of the same kind that those found in previous chapter 
for p-class group Cp. 

4.1 Definitions and preliminary results 

• When h~ = mod p, from Hilbert class field theory, there exists primary units 
ry G Z[C + C"^]*, so such that 

n = (F mod », d G Z, d # 0, 

(27) 

a{ri)=ri^' xeP, e G Z[C + r?"^]*. 

• The group Z[C + C^'^]* is a free group of rank It contains the subgroup 
{-1, 1} of rank 1. For ah r/ G Z[C + C~^]* - {-1, 1} 

r] X a{r]) x • • • x ^(^"^^/^(t?) = ±1. 

Therefore, for each unit r] G Z[(^ + C^-*^]*, there exists a minimal r^f G N, < 
such that 

(28) 7?xa(r?y^ x...xa^''(r?y'-. =eP, eeZ[C + C']\ 

0</j<p-l, i = l,...,r^, /r^ / 0. 

• Let us define an equivalence on units of Z[( + C^^]* : r],r]' £ Z[( + C~^]* are 
said equivalent if there exists e G Z[(^ + C~^]* such that r]' = t] x e'P. Let us 
denote E{r]) the equivalence class of rj. 

• We have E{r]a x = E{ria) x E{rn,); the set of class E{ri) is a group. The 
group < E{ri) > generated by E{rj) is cyclic of order p. 
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• Observe that this equivalence is consistent with conjugation E{a{ri)) = a(E{ri)). 
The group F = {Z[C + C"^] V(Z[C + C"^]*)^}/ < -1 > so defined is a group of 

2 



rank see for instance Ribenboim 6^ p 184 line 14. 



Similarly to relation Q pEl there exists t] € + C ^]* such that 

^(r/) = E{r]i) X • • • X ^(r?(p_3)/2), 
(29) i?(a(r?,))=i^(r?f), i = 1, . . . , 

/ii G N, 1 < < p - 1, 

F =< E{rii) >©•••©< ^(r?(p_3)/2) >, 

where F is seen as a Fp[G] -module of dimension 



r,, < ^2^, such that 



For each unit rj, there is a minimal polynomial Pr^{V) = 111=1 ~ where 

(30) ^'^ ^ ^' 

• Let P e Z[C + C"^]*- Observe that if E{p) = E{a{p)) then E{a^{p)) = E{p) 
and so E{1) = E{pP-^) and E{P) = 1. 

• Recall that a unit P £ Z[C + C~^]* is said primary if /? = 6^ mod 7rP+\ 5 € Z. 

Lemma 4.1. Lei /3 € Z[C + C^^]* — (Z[C + (^^]*)p. Then the minimal polynomial 
Pr^ (V) is of the form 

- 3 

1=1 

Proof. There exists rji G Z[C + C^*, E{r]i) / E{1), with E{r|lY-^'^' = E{1). 
Suppose that /i^^ ^^^"^ = — 1 and search for a contradiction: we have E{rjiY~^'^ = 
E{1), therefore F(r?i)'^'''"''^'-^'i''""^' = ^(l); but, from r]i € Z[C + C"^]*, we get 
^^(p-i)/2 ^ E{r]lY-^'^'^^'^ = E{1), or L;(??i)2 = E{1), so £^(r?i)2 is of rank 

null and therefore E{r]i) = E(r]f)^P^^^^'^ is also of rank null, contradiction. The same 
for ^j, i = l,...,r/3. □ 
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4.2 TT-adic congruences on j9-unit group F of q((^) 

The results on structure of relative p-class group C~ of subsection 13.41 p. can be 



translated to some results on structure of the group F: from r/^ 



1 mod vr and 



from < E{rfl ^) >=< E{rii) >, we can always, without loss of generality, choose the 
determination r/j such that r/j = 1 mod vr. We have proved that 



(31) 



r]i = I mod vr, 

a{rii) = r/^' mod vr^"*"^. 



Then, starting of this relation H31|l. similarly to lemma p. 1221 we get: 

vr-adic congruences of unit group F = {z[C + C"^]*/(z[C + C""^]*)^}/ < -1 > 
This theorem summarize our vr-adic approach on group of p- units F. 



Theorem 4.2. With a certain ordering of index i 
fundamental system of units r]i, i 
C^^]*y}/ < —1 > verifying the relations: 



1, . . . , ^2^, there exists a 
1, . . . , 2^, of the group F = {z[C+C^* /{Z[C + 



(32) 



l<ni< 



i = l,... 

p — 3 



P 



2 ' 
i = h 



p — 3 



€ X > 



cr(r/j) = r/-^' mod vr^^^, f = 1, . . . 



i = 1, . . . 

p — 3 



tt'"' II m - 1, 

^ai(p-l)+2ni II 
«i(p-l)+2"i II 



1 r+ 



vr 



vr 



2ni 



Vi 



1, 



not primary, 

rji - 1, aj G N, > 0, z = r+ + 1, , 

7/j - 1, aj G N, aj > 0, z = rp + 1, , 
p-3 



p ' 



Tp + 1, . . . 



r^j noi primary. 



i]i primary. 

rji primary or not primary 



Proof. 



1. We are applying in this situation the same vr-adic theory to p- group of units 
F = Z[C + C~^] */(Z[C + C^YY than to relative p-class group Cp in subsection 
13.41 p. El with a supplementary result for units due to Denes, see Denes P 
and 2 and Ribenboim (8D) p. 192. 
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2. Similarly to decomposition of components of Cp in singular primary and sin- 
gular not primary components, the rank of F has two components pi and 
2^ — pi where pi corresponds to the maximal number of independant units r]i 
primary and p2 = — pi to the units r/j not primary. 

□ 

The next lemma for the unit group Z[(^ + C~^]* is the translation of similar lemma 
I3.13I D. 123 for the relative p-class group C~. 

Lemma 4.3. Let r?i,7?2 defined by relation p. [23 If pi = P2 then rji x 77^^ 
is a primary unit. 

The group F = Z[C + C~^]*/(Z[C + can be written as the direct sum 

F = Fi (B F2 oi a subgroup Fi with pi primary units (p-rank pi of Fi) and of a 
subgroup F2 with p2 = — pi fundamental not primary units (p-rank p2 of F2): 
towards this assertion, observe that if rji and r]2 are two not primary units with 
a{r]i) X 7]^^" G (Z[C + C^YY and a{r]2) x ■q^'' £ (Z[C + C^]*)p then r/i x t?^^ is a 
primary unit and it always possible to replace {771, 772} by {r/i x ry^^, 7/2} in the basis of 
F, so to push all the primary units in Fi and to make the set F2 of not primary units 
as a group. Observe that pi can be seen also as the maximal number of independant 
primary units in F. 

Structure theorem of unit group F = Z[( + C"^]*/(z[C + C'^TY 
Theorem 4.4. *** 

Let r~ he the relative p-class group o/Q(^). Let r^ he the p-class group o/Q(C + 
C^^). Let pi he the number of independant primary units of F. Then 

(33) r--r+<pi<r-. 

Proof. We apply Hilbert class field theory: for a certain order of the indexing of 
I 1, . . . , 2 ■ 

1. There are exactly r+ independant unramified cyclic extensions 

Q(c,wi)/Q(c), t^f G z[c + r V z[c + C" Y i = i,...,r;. 

2. There are exactly r~ — rp = rp independant unramified cyclic extensions 

Q(C,u;^)/Q(C), a.fGZ[C + rY, i = r+ + l,...,r;. 
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3. There is a number n on independant unramified cyclic extensions witn < n < 
r+ with 

QiC,iOi)/QiC), c^f GZ[C + r']*, i = r- + l,...,rp. 

4. There are no independant unramified cychc extensions with 

Q(C,c^i)/Q(C), ujfGZ[C + C^r, i = rp + l,...,^^. 

□ 

The case /i = U2n with 2n > 

In the next theorem we shaU investigate more deeply the consequences of the 
congruence r]i = 1 mod vr^"* when 2nj > We give an explicit congruence formula 
in that case. To simplify notations, we take ry,//, n for r]i,fj,i,ni. The next theorem 
for the p-unit group F = {Z[C + C~^]*/{Z[C + C"^]*)^}/ < -1 > is the translation of 
similar theorem 13. 191 p. 1221 for the relative p-class group Cp . 

Theorem 4.5. *** Let = U2n, p— 3 > 2n > corresponding to r] € 

defined in relation p- so a{r]) = 77^ x e^, e e Z[C + C~^]*- Then rj verifies 

the explicit formula: 

(34) ^ = i_ >zl X (C + /i-^C + --- + /^"^^"'^r^-') mod^^'-i, 7P-3GZ. 
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